In this paper, we introduce the new optimal perturbation iteration method based on the perturbation iteration algorithms for the approximate solutions of nonlinear differential equations of many types. The proposed method is illustrated by studying Bratu-type equations. Our results show that only a few terms are required to obtain an approximate solution which is more accurate and efficient than many other methods in the literature.
Introduction
Many nonlinear differential equations are used in many scientific studies and most of them cannot be solved analytically using traditional methods. Therefore these problems are often handled by a broad class of analytical and numerical methods such as Adomian decomposition method (Adomian, 1988; Deniz and Bildik, 2014) , Taylor collocation method (Bildik and Deniz, 2015) , differential transform method (Bildik and Konuralp, 2006) , homotopy perturbation method (Öziş and Agırseven, 2008) , variational iteration method (He, 2003) . These methods can give accurate solutions to nonlinear problems but they have also some problems about the convergence region of their series solution. These regions are generally small according to the desired solution. In order to cope with this task, researchers have recently proposed some new methods (Marinca and Herişanu, 2008; Liao, 2012; Idrees et al., 2010) . Perturbation iteration method is one of them and has been recently developed by Pakdemirli et.al. It has proven that this method is very effective for solving many nonlinear equations arising in scientific world (Aksoy and Pakdemirli, 2010; Aksoy et al., 2012; Şenol et al., 2013; Timuçin Dolapçı et al., 2013; Khalid et al., 2015) . In the presented study, we construct a new optimal perturbation iteration method which is applicable to a wide range of equations and does not require special transformations. In order to show the efficiency of the proposed method, we try to solve Bratu initial and boundary value problems which are used in a large variety of applications, such as the fuel ignition model of the theory of thermal combustion, the thermal reaction process model, radioactive heat transfer, nanotechnology and theory of chemical reaction (Doha et al., 2013; He et al., 2014; Raja, 2014) .
Perturbation Iteration Method
Pakdemirli and his co-workers have modified the well-known perturbation method to construct perturbation iteration method (PIM). PIM has been efficiently applied to some strongly nonlinear systems and yields very approximate results (Aksoy et al., 2012; Şenol et al., 2013) . In this section; we give basic information about perturbation iteration algorithms. They are classified with respect to the number of correction terms (n) and with respect to the degrees of derivatives in the Taylor expansions(m). Briefly, this process is represented as PIA (n, m).
PIA (1,1)
In order to illustrate the algorithm, consider a second-order differential equation in closed form:
where y = y(x) and ε is the perturbation parameter. For PIA (1,1), we take one correction term from the perturbation expansion:
Substituting (2.2) into (2.1) and then expanding in a Taylor series gives
Rearranging the Eq. (2.3) yields a linear second order differential equation:
We can easily obtain (y c ) 0 from Eq. (2.4) by using an initial guess y 0 . Then first approximation y 1 is determined by using this information.
PIA (1,2) As distinct from PIA(1,1), we need to take n = 1, m = 2 to obtain PIA (1,2). In other words, second order derivatives must be taken into consideration:
Note that all derivatives and functions are calculated at ε = 0 . By means of (2.2) and (2.6), iterative scheme is developed for the equation under consideration.
Optimal Perturbation Iteration Method
To illustrate the basic concept of the optimal perturbation iteration method (OPIM), we first reconsider the Eq. (2.1) as:
where L is a linear operator, N denotes the nonlinear terms and B is a boundary operator respectively. We then expand only nonlinear terms in a Taylor series to decrease the volume of calculations. Because, it is useless and unnecessary to expand the whole equation for each problems. This is the first step of OPIM to decrease the time needed for computations.
After the Eqs. (2.4) and (2.6) in the solution processes for PIAs (1, m), we offer to use the formula
to increase the accuracy of the results and effectiveness of the method. Here S n (ε) is an auxiliary function which provides us to adjust and control the convergence. This is the crucial point of OPIM. The choices of functions S n (ε) could be exponential, polynomial, etc. In this study, we select auxiliary function in the form
where C 0 , C 1 , . . . are constants which are to be determined later.
The following algorithm can be used for OPIM: a) Take the governing differential equation as:
2) into the nonlinear part of (3.4) and expand it in a Taylor series: (3.5) and
c) After finding (y c ) 0 for each algorithms as in PIAs(1,m), substitute it into Eq.(3.2) to find the first approximate result:
By using initial condition and setting ε = 1 yields
Using the Eq.(3.8) and repeating the similar steps, we have:
d) Substitute the approximate solution y m into the Eq.(3.4) and the general problem results in the following residual:
Obviously, when R(x, C 0 , . . . , C m−1 ) = 0 then the approximation y m (x, C 0 , . . . , C m−1 ) = y (m) (x, C i ) will be the exact solution. Generally it doesn't happen, especially in nonlinear equations. To determine the optimum values of C 0 , C 1 , . . .; we here use the equations
where x i ∈ (a, b). Generally it is quite impossible to solve the system of Eqs. (3.11) other than numerically. Therefore, one needs to use a computer program such that Mathematica, Maple etc. Note that the solution of the system (3.11) is not unique, but all obtained constants would yield the same approximate solutions. The constants C 0 , C 1 , . . . can also be defined from the method of least squares:
where a and b are selected from the domain of the problem. Putting these constants into the last one of the Eqs. (3.9), the approximate solution of order m is well-determined. It should be also emphasized that, the Eq. (3.12) is not always useful to find the constants C 0 , C 1 , . . . especially for strongly nonlinear equations. So,we use the Eq. (3.11) to get those constants in this work. For much more information and different usage about this process, please see (Herisanu et al., 2015; Marinca and Herişanu, 2012) 4 Applications Example 1. Consider the following nonlinear differential equation (Wazwaz, 2005) :
which has the exact solution y = −2 ln (cos x). OPIA (1,1) Consider the Eq. (4.1) as:
OPIA (1,1) requires to compute:
which is approximately half of the volume of calculations that in PIA(1,1). Using the Eqs. (2.2), (4.3) and setting ε = 1 yields (y c ) n = −y n + 2y n + 2 (4.4)
One may start the iteration by taking a trivial solution which satisfies the given initial conditions:
Substituting (4.5) into the Eq. (4.4), we have
Now, Eq. (4.6) is inserted into Eq. (3.2) and applying the initial conditions we get
It is worth mentioning that y 1 does not represent the first correction term; rather it is the approximate solution after the first iteration. Following the same procedure, we obtain new and more approximate results:
To determine the constants, we proceed as in section 3. First, the residual
(4.10) is constructed for the third order approximation. Using the Eq. (3.11) with x = 0.3, 0.6, 0.9 , we get
Inserting the constants into the Eq. (4.9), we obtain the approximate solution of the third order:
Note that some complex numbers arise from solving the Eq. (4.10). They can also be used instead of C 0 , C 1 , C 2 to get the same result. We here give only real solutions for simplicity. OPIA (1,2) One can construct the OPIA(1,2) by taking one correction term in the perturbation expansion and two derivatives in the Taylor series. Note that one needs to enter the data in Eq. (2.4) into the computer for PIA(1,2). But, it is sufficient to use
for OPIA(1,2). After making the relevant calculations, the algorithm takes the simplified form:
(y c ) n − 2(y c ) n = −y n + 2y n + y n 2 + 2 (4.14)
Using the trivial solution y 0 = 0 , we have second order problem
Using the Eqs. (3.2), (4.15) and the initial conditions, we obtain 
1.231252940
Following the same procedure using (4.16), the second iteration is obtained as
One can easily realize that, we have functional expansion for OPIA (1,2) instead of a polynomial expansion. Following the same procedure, from the residual
(4.18) the constants C 0 and C 1 can be determined as
Thus, we have the second-order approximate solution:
One can also compute more approximate results by following the same procedure with a computer program. We do not give higher iterations due to huge amount of calculations. Figure 1 and Table 1 show a comparison of OPIAs and exact solution. It is clear that the results obtained by OPIM are more accurate than those of PIM in (Aksoy and Pakdemirli, 2010) .
Example 2. Bratu's first boundary value problem is given as (Wazwaz, 2005) :
with the exact solution y(x) = −2 ln
OPIA (1,1)
An artificial perturbation parameter is inserted for the Eq. and using the Eq.(3.2) the iterations are reached as follows:
For the constants C 0 , C 1 and C 2 , the method given in Section 3.(d) is used, and we obtain the following values for λ = 1:
for the x i = 0.3, 0.6, 0.9. Thus, the approximate solution of the third order is:
OPIA (1,2) : One just needs to construct 8.05698×10 After making the relevant calculations, the algorithm takes the simplified form:
Using the Eqs. (3.2), (4.24),(4.32) and the initial conditions, we obtain
For the constants C 0 and C 1 in Eq.(3.34), we proceed as earlier and get for OPIA(1,2). It can be readily seen from Figure 2 and Table 2 that approximate solutions obtained by the OPIAs are identical with that given by the analytical methods (Wazwaz, 2005) . Note that more components in the solution series can be computed to enhance the approximation.
Example 3. Consider Bratu's second boundary value problem (Wazwaz, 2005) y + π 2 e −y = 0, 0 ≤ x ≤ 1, y(0) = y(1) = 0.
(4.37) Exact solution of this problem is mistakenly given as
in (Wazwaz, 2005; Batiha, 2010) , whereas the correct exact solution is
OPIA (1,1) By rearranging the Eq. (4.37) as F (y , y, ε) = y + π 2 e −εy = Ly + N (y, ε) (4.40) and using the Eqs. (2.2) and (4.3) with ε = 1, we have
Without going into details here, we just give the successive iterations: y 0 = 0 (4.42)
Proceeding as earlier we find constants C 0 , C 1 and C 2 :
Inserting the constants into the Eq. (4.45), we obtain the approximate solution of the third order: 0.269276469 OPIA (1,2) After making the relevant calculations, the algorithm
Using the Eqs. +e π+πx (2 + 3π(−1 + x)) + e 3πx (2 − 3πx) + 3e π+3πx (4 + π − 2πx)+ e π(3+x) (2 + 3πx) + 3e π(2+x) (4 + π(−1 + 2x)) + e One can easily observe from Table 3 and Figure 3 that the results agree very well with the exact solution.
Conclusions
In this paper, a new technique OPIM is employed for the first time to obtain a new analytic approximate solution of Bratu-type differential equations. This new method provides us with an easy way to optimally control and adjust the convergence solution series. OPIM gives a very good approximation even in a few terms which converges to the exact solution. This fact is obvious from the use of the auxiliary function S n (ε) which depends on n coefficients C 0 , C 1 , . . . , C n . The results obtained in this paper confirm that the OPIM is a powerful and efficient technique for finding nearly exact solutions for differential equations which have great significance in many different fields of science and engineering. 
